Abstract. In this note, we give an alternate proof of the multinomial theorem using a probabilistic approach. Although the multinomial theorem is basically a combinatorial result, our proof may be simpler for a student familiar with only basic probability concepts.
Introduction
The multinomial theorem is an important result with many applications in mathematical statistics and computing. It expands (x 1 +x 2 +. . .+x m )
n , for integer n ≥ 0, into the sum of the products of integer powers of real numbers x 1 , x 2 , . . . , x m . The prevalent proofs of the multinomial theorem are either based on the principle of mathematical induction (see [2, pp. 78-80]) or on counting arguments (see [1, p. 33] ). The proof by induction make use of the binomial theorem and is a bit complicated. Rosalsky [4] provided a probabilistic proof of the binomial theorem using the binomial distribution. Indeed, we use the multinomial distribution (see [3, [197] [198] ) to prove the multinomial theorem. For students familiar with basic probability theory, our proof may be simpler than the existing proofs by mathematical induction and principles of combinatorics. Also, this proof avoids the use of the binomial theorem. The multinomial distribution is modeled as follows. Consider an experiment consisting of n independent trials. The outcome of each trial results in the occurrence of one of the m mutually exclusive and exhaustive events E 1 , E 2 , . . . , E m . For each i = 1, 2, . . . , m, let p i be the constant probability of the occurrence of the event E i and X i be the random variable that denotes the number of times event E i has occurred. Then, the joint probability mass function of the random variables X 1 , X 2 , . . . , X m is
Next, we state and prove the multinomial theorem.
A probabilistic proof of the multinomial theorem
Theorem 2.1 (Multinomial). Let n be any non negative integer and x 1 , x 2 , . . . , x m be real numbers. Then Proof. Let us consider
By using the distributive property in the right hand side of the above equation, it follows for all real numbers x i 's that
where C(n, k 1 , k 2 , . . . k m ) are positive integers and k i 's are non negative integers satisfying
We just need to show that
Assume x i > 0 for all i = 1, 2, . . . , m and define
Clearly, 0 < p i < 1 and
, we obtain for positive reals ( 
